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LATERAL BRACING OF LOCALLY BUCKLED COLUMNS
By
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Shien T. wang, Hung-Y. Pao, and
Raghuram Ekam baram J

INTRODUCTION
The strength of thin-walled columns may be governed by overall
buckling, crippling of the section or interaction of overall and local
buckling. Extensive research work and design criteria are available
for the first two types of column behavior (1, 2, J, 4). For the
intermediate length thin-walled columns having large width-to-thickness
ratio of the component plate elements, local buckling may occur before
the overall buckling load is reached. The column is weakened by local
buckling. The carrying capacity of the locally buckled column will be
much reduced as compared to the column buckling load based on the full
section. The effects of interaction of buckling modes on column
strength will depend upon geometries of the column. A review of recent
relevent research work on this subject was ~resented by Wang and Tlen
(5) and more recently by Wang and Pao (6, 7).
In practipe, columns are often braced at discrete intermediate
points along the length to increase the buckling strength. Braces must
be designed to have sufficient stiffness in order to force the column
to buckle into higher buckling mode. Braces must also be designed to
have sufficient strength so that they will be able to resist the loads
induced in the braces. Green, Winter, Cuykendall (8), Zuk (9) and
Winter (10) investigated the above requirements for braces. Additional
research was done by Horne and Ajmani (11), Toakley(12), and Urdall (1).
More recently, the subject matter was investigated by Nethercot and
Rockey (14, 15), Mutton and Trahair (16). In the aforementioned
investigations, no local buckling was considered in the columns.

In reality, the column most likely will have initial imperfections.
In order to investigate the behavior of the braced locally buckled
column realistically, the effects of initial imperfection should be
accounted for in the analysis. The interactive behavior involving
local and overall buckling, lateral braCing restraints, and initial
imperfections becomes an interesting problem to be investigated.
The purpose of this paper is to present a solution scheme based on
the finite element method in conjuction with the concept of effective
width for the analysis of braced locally buckled thin-walled columns.
In order to account for the effects of initial imperfection and local
buckling, an incremental Newton-Raphson solution procedure is proposed.
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The effects of brace stiffness on the buckling strength of columns are
studied. In this paper, the bracing restraints are only applied at the
mid-height of the column. Both I and channel sections are considered.
Results on some typical cases are presented and discussed.
POST-BUCKLING STRENGTH OF PLATE ELEMENT AND
EFFECTIVE STIFFNESS OF LOCALLY BUCKLED SECTION
The available post-local-buckling strength of the buckled plate
element can be accounted for by the concept of effective width. Based
on this concept (3, 17), the idealized uniform stress distribution acts
only on the effective portion of the buckled plate element. Parts of
the buckled plates will then be deleted throughout the length of the
column. The remaining area is the effective section. The effective
cross-section is prismatic throughout the column length under a
concentric axial load.
If a bending stress distribution is imposed on a locally buckled
column, which may happen due to initial imperfections, the compressive
stress on the concave side is increased with a further reduction in
effective width. On the other hand, unloading takes place on the convex
side of the column and the effective width of the elastically buckled
plate element is increased. Since the bending stress is varied along
the column length due to lateral displacements, the effective section of
the locally buckled column becomes nonprismatic. Therefore, the
laterally deflected, locally buckled column has to be treated as a
nonprismatic beam-column (5).
A generalized equation for effective width may be expressed as (17)1

be It

(1)
(1-O.95E; iw JKE/ amax )
for wit > 0.64 ~KE/a
,in which b :: effective width of compression
element; t :: thiCkne~~ E = moduluseof elasticity; w :: flat width of
the compression element; a
:: maximum edge stress; K :: coefficient
determined by boundary con~~ions and aspect ratio of compression
element; and E; = modification factor. For values of wit smaller than
0.64 JKE/a
,b = w. Equation (1) has been shown through experimental
verificati~ftXto ~e applicable to both stiffened and unstiffened elements
if K is appropriately adjusted. For practical purpose, howeVer, E; may
be taken as 0.22 and K may be taken as 0.5 and 4.0 for unstiffened and
stiffened elements, respectively.
= 0.95

JKEI amax

Based on the effective width concept, the effective stiffness of
the buckled plate elements can be computed if the stresses in the
corresponding plates are known. Knowing the effective width and the
location of the shifted neutral axis, the effective moments of
inertia about z and y axes, (I ) ff and (I)
,respectively, can be
computed. The effective warpi~geconstant \Ce,f
and St. Venant's
torsion constant (J)eff can also be obtainedw(~;f7).
METHODS OF ANALYSIS
Bifurcation Analysis
By ignoring the interaction between axial force and the lateral
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displacement, the upper bound solution of the buckling load can be
obtained by a bifurcation analysis. Based on the finite element method,
the critical load may be obtained from the following determinantal
equation

(2 )
in which.[~J ~ ~tiffness matrix; [KG] = geometric stiffness_matrix;
and:\ = ~nstab~ll.ty parameter or load factor. The matrices LKJ and
LK ] presented by Barsoum and Gallagher (18) are used in this
ingestigation. There are three translations, three rotations and a
warping degree of freedom for the element. Therefore, a 14x14 element
stiffness matrix is resulted. The stiffness matrices for the elements
are assembled by the direct stiffness method to give the complete
structure stiffness matrix. The stiffness coefficients of the bracing
restraints (translational, rotational or torsional) are incorporated
into the assembled structure stiffness matrix ac appropriate locations.
It has been found that four elements are required between supports in
order to obtain good results with less than 0.1% error in general.
In the post-local-buckling range the stiffness of the column
depends upon the effective widths in the buckled plates. Furthermore,
the applied load and the effective stiffnesses of the column are
interdependent. Therefore, an iterative solution procedure is
necessary. Consequently, the coefficients in C~J and
must be
revised continuously according to the current applied load and the
corresponding effective section during the process of iteration.

LK ]

A determinant search method which was proposed by the authors and
was used successfully in the previous investigations, has also been used
in this investigation. The details of the method and the solution
procedure were reported elsewhere (6, 7, 19).
Incremental Analysis
In order to account for the effects of initial imperfections and
lateral displacements of braces, an incremental analytical procedure
has been developed in conjuction with Newton-Raphson's procedure for
convergence at each step of load increment. The proposed solution
procedure which is also applicable to other complex framed structures
includes the following steps I
(1) For the first load increment, a linear analysis is performed

in which C~J = stiffness matrix; [r] = displacement matrix; and LP J =
load matrix.
(2) Determine member forces from calculated displacements.
(3) From calculated member forces, determine stresses in plate
components and the corresponding effective widths by iteration.
(4) Repeat steps (1) through (J) until the p~oces~ is converg~d. The
updated stiffness matrix and the geometr~c st~ffness matr~x are
obtained.
(5) The unbalanced loads are calculated by
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[~Q]

(6)

= [p] - ([~] + ~ [~])
[~Q] = unbalance~ loads;

[r]

(4 )

in which
[K.".] = updated stiffness mat~ix
for the buckled section; L~] = updated geometric matrix; and Lr] =
updated displacement matrix.
_
Calculate additional displacements LAr] due to unbalanced loads by

(5)
(7 )
(8 )

D:ltermine additional member forces LAF] from calculated CAr].
The total member forces, [F] + [~F], and the total displacements of
the structure, [r] + [~r] are obtained.
(9) Calculate stresses in plate components and the corresponding
_
effective width by iteration based on the total member forces, [F] +
CAF].
(10) Update [~] and [KG] and repeat steps (6) through (9) until the
process converges.
(11) ~culate unbalanced loads due to ulldated total displacements
Lr] in step (5) and repeat steps (6) through (10) until the
additional displacements due to unbalanced loads are within
acceptable tolerance.
(12) Use the tangent stiffness matrix ([K.".] + [~]) obtained at the end
of last load increment for the next toad increment. Start from
step (6) using the load increment as the unbalanced load. The
process is continued until the determinant of the tangent stiffness
matrix becomes singular.
Computer programs for the IEM370/165 and DEC-IO computer systems
following the procedures outlined have been prepared. Results have
been obtained for both bifurcation and incremental analyses for some
typical cases. It appears that the analytical solution schemes
developed are well suited for the problem considered.
RESULTS FROM BIFURCATION ANALYSIS
Column with Doubly Symmetric I Section
Figs. 1 and 2 show the ratio of increase of overall buckling load
for the braced column over the unbraced column. The column is 84" (2.1)4m)
long and simply supported at both ends. The lateral restraints are
applied at the mid-height of the column. In the figure, p'
and (pI )1
are defined as the buckling loads for the braced column witnout and cr
with consideration of local buckling, respectively. P and (p )1 are
the buckling loads for the unbraced column without andc~ith
cr
consideration of local buckling, respectively. ~or this particular
case, P and (p )1 are 44.01 kips (195.84 x 10 N) and 39.91 kips
(177.60c~ 10) N)~rre5pectivelY. Both values are first mode buckling
loads about y axis, i.e. P and (p )1' respectively. In the figure, B
is defined as the ratio orYthe com~ined stiffness of the external
restraint and the column to the column stiffness alone. Therefore,
there is no restraint applied if B = 1. In the figure, Bland B2 are
refered to the translational restraint in the z direction and the
torsional restraint about the x axis, respectively.
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The upper curve in Fig. 1 is for the fully effective column
ignoring local buckling while the lower curve is for the locally buckled
column. The overall buckling load increases considerably with a brace
only possessing a very small fraction of the column stiffness. With
only a translational restraint applied in the the Z direction at the
mid height of the column, the buckling mode is forced to ch~e from
flexural buckling (p', (pI )1) to torsional buckling (pI, (pI) ) for the
locally unbuckled an~ bucIied columns with Bl = 1.006 ~d l~O!,
respectively. Beyond these values, the translational stiffness of the
brace does not affect the column buckling load. However, the buckling
load is increased further if an additional torsional restraint is also
applied at the midspan of the column. The buckling mode is changed from
torsional buckling (p~'(~~)l) to the 2nd mode of flexural buckling
(P~, (P~)l) as shown in ~~g. 2 with B2 = 1.00}5 and 1.001, respectively,
wh1le holaing Bl =1.1.
It is of interest to point out that there is no difficulty to
provide these required stiffnesses for the brace since they are only
small fractions of the column being braced. On the other hand, it is
also important to point out that the 2nd mode flexural buckling load
for the locally buckled column is only twice that of the unbraced locally
buckled column.
Column with Singly Symmetric Channel Section
Fig. ) shows the increase of buckling load with an increase of
torsional restraint at the midspan for a channel column. The coupled
torsional-flexural buckling mode is possible since the channel section
is singly symmetric. The lowest torsional-flexural buckling load is
defined as P l ' If tje column is unbraced, the buc~ling loads are
14.82 kips (55.95 x 10 N) and 9.90 kips (44.06 x 10 N), respectively,
for the cases without and with consideration of local buckling. They
are corresponding to Ptfl and (p )1' With Bl = 1.0) and 132 = 1.00, the
buckling mode for the case with rocal buckling changes from flexural
mode, (p )1' to torsional-flexural mode, (Ptf1 )1 with a value of 10.80
kips (48~05 x 10) N). Since the coupled torsional-flexural buckling
governs, any additional translational restraint in the z direction will
not further increase the buckling load. The only way to further
increase the buckling load is to apply a torsional restraint at midspan.
Again, only a small amount of torsional stiffness is required to force
the column to buckle into 2nd mode. It is of interest to note in Fig. }
that the governing buckling mode for the locally buckled case is again
switched back to flexural mode (2nd) with a modest increase in buckling
load. For the case ignoring the effects of local buckling, the
torsional-flexural buckling mode continues to govern the behavior. The
buckling load can be as high as }. 5 Pcr'
EFFECTS OF INITIAL IMPERFECTION

It should be noted that in the preceding analyses, the locally
buckled column is kept straight throughout the whole loading range until
the column buckling load of the effective cross-section is reached. Due
to column initial imperfections, the straight form equilibrium position
may not be possible. 'Ibis could also happen for a perfectly straight
column with initial imperfections in the component plate elements or
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with any distu~bance during loading process. It is, therefore, necessary
to study the post-local-buckling behavior of thin-walled columns containing
imperfections since such imperfections always exist.
Utilizing the incremental procedure developed, results are
obtained for columns with various initial imperfections and various brace
stiffnesses. Fig. 4 shows load-displacement curves for the column shown
with an initial imperfection and various A /A ratios. A and A are
cross-sectional areas for the brace at mid~pag and the cofumn berng
braced, respectively. The load-deformation curves approach the
buckling loads based on the bifurcation analyses as upper bound
limiting values. Again, two sets of curVes are presented, i.e. with or
wi thout consideration of local buckling ,"ffects. Due to local buckling
effects, the buckling loads . (p' \ are much smaller than the buckling
loads P' • This is especiallyCfio~eable for columns with braces with
stiffneg~es adequate enough to provide full support.
Fig. 5 shows load displacement curves for the same column with
various initial imperfections. The ratio of A /A is kept as a
constant value, i.e. 0.00017. Again two sets ~f gurves ~re provided
for the column with or without consideration of local buckling effects.
The effects of the magnitude of initial imperfection on the behavior of
columns can be seen from these curves.
EFFECTS OF RESTRAINT STIFFNESS
In Fig. 6, the increase of buckling load for a braced I section
column (Figs .'~ 2-nd 5hs plotted against the increase of cross-sectional
area of the brace at midspan. Only the translational restraint ~n the
z direction is provided. The cross-sectional area A required for
providing full lateral support for the column ignori~ the local
buckling effects is only around 0.070% of the area of the column being
braced. If local buckling is considered, the increase of buckling load
for the braced column is much less pronounced.
The brace provided for
the case without considering local buckling effects appears to be more
than adequate for the case considering local buckling effects.
The required value for A for full lateral support recommended by
Winter (10, 20) can be obtain&d from the following equation
2 Is
--..;1=--_::A/Ac = 21f (1) «1 /r )2)
(6)
c
c c
in which r = radius of gyration of the column; 1 , 1 = lengths for
the brace Rnd the column, respectively. Using th~ diI\iensions shown in
Figs. 4 and 5, the calculated ratio A /A from Eq. 6 is 0.0713% which
is almost identical with the value ob~aiRed. Eq. 6 can also be
rewritten as follows
EI

.....:J...
I)

c

(7)

in which I = moment of inertia of the column about y axis. This value
is only l/~ of that recommended by Mutton and Trahair (16) for full
lateral support.
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Fig. 7 shows the lateral displacements corresponding to the various
As/Ac ratios for the column considered. These displacements are
corresponding to the 95% of the calculated bifurcation buckling loads.
With adequate bracing stiffness, for instance A/A = 0.1%, the
lateral displacement for the column is correspoRdiRg to the 2nd
buckling mode. With inadequate lateral bracing stiffness, the lateral
displacement will result at the bracing point and the magnitude will
depend upon the initial imperfection and the brace stiffness.
CONCLUSIONS
Methods on bifurcation and incremental analyses for locally
buckled columns have been developed and presented. An incremental
Newton-Raphson's procedure has been used for convergence at each step
of load increment. The analytical solution schemes developed are..rell
suited for the problem considered, i.e. interactive behavior of
columns involving local and overall buckling, lateral bracing
restraints, and initial imperfections. The methods can be applied
to other complex structural systems.
The re~uired stiffness for braces in order to provide full bracing
effects is only a small fraction of that for the column being braced.
The same conclusion has also been found for the locally buckled columns
although the benefits are relatively less pronuounced than that for the
column without the effects of local buckling. The governing buckling
mode may change with the effects of local buckling, bracing stiffness,
and type and combination of restraints applied.
Using the incremental procedure, the displacement of the buckled
column can be determined. The load-displacement curve approaches the
buckling load based on the bifurcation analysis as upper bound limiting
value. With such displacements, forces developed in the braces can
be determined. Further investigations on the related subjects are
being conducted.
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